We discuss a way to evaluate the full prediction for the interquark potential which is expected from the effective Nambu-Goto string model. We check the correctness of the prescription reproducing the results obtained with the zeta function regularization for the first two perturbative orders. We compare the predictions with existing Monte Carlo data for the (2+1) dimensional Z 2 , SU (2) and SU (3) gauge theories: in the low temperature regime, we find good agreement for large enough interquark distances, but an increasing mismatch between theoretical predictions and numerical results is observed as shorter and shorter distances are investigated. On the contrary, at high temperatures (approaching the deconfinement transition from below) a remarkable agreement between Monte Carlo data and the expectations from the Nambu-Goto effective string is observed for a wide range of interquark distances.
Introduction
Working out an effective string description for the infrared behaviour of the interquark potential is one of the major challenges of modern lattice gauge theory [1] [2] [3] . In these last years, much effort has been devoted in trying to identify the nature of an effective string model that reproduces the results of high precision numerical studies of the confining potential in pure gauge models [4] - [23] . Despite these efforts, a clear answer has not been obtained yet. The simplest, and most natural, candidate for an effective string picture is the Nambu-Goto model [25] [26] [27] : numerical tests of the predictions of this model at the first leading orders, however, did not lead to conclusive results. As a matter of fact, the data obtained for different lattice gauge theories at short interquark distances R disagree with the Nambu-Goto predictions [11] [12] [13] [14] , whereas at large distances the agreement is remarkably good [10] [11] [12] .
In the setting where one considers a confined, static, quark-antiquark (QQ) pair at a finite temperature T , a possible way to derive effective predictions from the Nambu-Goto model consists in working out a perturbative expansion in powers of (σRL) −1 , a dimensionless quantity which depends on the interquark distance R, on the system size in the compactified direction L (which is inversely proportional to the temperature) and on the string tension σ. As it is expected, the leading, non-trivial (LO) contribution emerging in this expansion describes the asymptotic free string picture, whose degrees of freedom are independent, massless bosons associated with string vibrations along the transverse directions, whose partition function can be easily evaluated by means of standard conformal field theory techniques. The contribution at the next-to-leading order (NLO) can also be evaluated analytically [3] , but treating further terms in such a perturbative expansion would be much more difficult. On the other hand, comparison of numerical results with the next-to-leading-order predictions can be tricky, as it is difficult to judge if the mismatch observed, for instance, at short distances and low temperatures could be interpreted as an effect due to the NLO truncation, or ifvice versa -the agreement which is found at high temperatures could be spoiled by higher orders (see discussion in section 5 of [10] ).
Here we address this problem by estimating the full partition function of the Nambu-Goto effective string model, relying on the fact that formal quantization of this model is possible, and the spectrum can be obtained analytically [24] . This procedure allows for a comparison with the existing Monte Carlo data of the interquark potential that is not biased by the truncation effects discussed above.
The results of this comparison can be summarized as follows:
• The mismatch between numerical data and NLO predictions which is observed at short distances is confirmed (and even enhanced) if one considers the full string prediction.
• On the contrary, at higher temperatures, approaching the deconfinement transition from below, a remarkable agreement (which is particularly striking for the case of SU(2) gauge group) between Monte Carlo data and full Nambu-Goto expectations is found.
These observations suggest that the Nambu-Goto action does not provide a correct description of the interquark potential at short distances, where an alternative effective model is probably needed. At the same time, however, they also suggest that this effective string action can be considered as a reliable (and better than the pure "free string picture") description of the interquark potential at large distances. As the finite-temperature deconfinement transition is approached we observe a crossover between this "universal" Nambu-Goto behaviour and a new behaviour which is different in the Z 2 and SU(2) cases and keeps into account the fact the Nambu-Goto action would lead to the wrong critical indices at the deconfinement point.
This paper is organized as follows. In section 2, after recalling the basics about the Nambu-Goto model, we work out the predictions of interest for the effective string scenario, using the perturbative approach and evaluating the full partition function in terms of the string spectrum. We also comment about the convergence bounds that naturally arise in the latter approach. In section 3, the predictions of the full string partition function are compared with existing Monte Carlo data for Z 2 , SU(2) and SU (3) LGT in (2 + 1) dimensions. Finally, in section 4 we summarize the results and provide our conclusions. Calculations displaying the matching between the full partition function and the known perturbative results at leading and next-to-leading order are reported in the Appendix.
The Nambu-Goto string
In this section, we report some results concerning the Nambu-Goto string model [25] [26] [27] which will be useful to our analysis. We refer the reader to [10] for a more detailed derivation. The action of this model is proportional to the area of the string world-sheet:
where g is the determinant of the two-dimensional metric induced on the world-sheet by the embedding in R d and σ is the string tension, which appears as a parameter of the effective model. Eq. (1) is invariant with respect to reparametrization and Weyl transformations, and a possible choice for quantization of the effective model is the "physical gauge" (see [2] for more details) in which g becomes a function of the transverse displacements of the string world-sheet only. The latter (which can be denoted as X i (τ, ς)) are required to satisfy the boundary conditions relevant to the problem -in the present case, the effective string world-sheet associated with a two-point Polyakov loop correlation function obeys periodic b.c. in the compactified direction and Dirichlet b.c. along the interquark axis direction:
This gauge fixing implicitly assumes that the world-sheet surface is a single-valued function of (τ, ς), i.e. overhangs, cuts, or disconnected parts are excluded. It is well known that rotational symmetry of this model is broken at a quantum level because of the Weyl anomaly, unless the model is defined in the critical dimension d = 26. However, this anomaly is known to be vanishing at large distances [30] , and this suggests to use the "physical gauge" for an IR, effective string description also for d = 26.
Here and in the following, we restrict our attention to the d = 2 + 1 case, which is particularly simple, as there is only one transverse degree of freedom (X). In the physical gauge, eq. (1) takes the form:
This action describes a non-renormalizable, interacting QFT in two dimensions; the associated partition function is expected to encode an effective description for this sector of the gauge theory, providing a prediction for the VEV of the two-point Polyakov loop correlation function:
Quantum corrections beyond the classical solution (which corresponds to a flat string world-sheet surface) can be studied in two different ways.
Perturbative expansion of the partition function
Despite the fact that the Nambu-Goto string theory is non-renormalizable, one can address the study of the effective model in a perturbative way, expanding the square root appearing in eq. (3) in powers of the dimensionless quantity (σRL) −1 : this approach is expected to be consistent with the fact that the effective theory holds in the IR regime of the confined phase.
Going to dimensionless world-sheet coordinates: ξ 1 = τ /L, ξ 2 = ς/R and with a global rescaling for the X field: φ = √ σX, eq. (3) can then be expanded in a natural way in a series of terms associated with different powers of (σRL) −1 ; in particular, the first few terms read:
where:
and:
Apart from the trivial, classical contribution given by the first term appearing on the r.h.s. of eq. (5) -the second term of the expansion shows that the leading order quantum correction is nothing but the CFT of a free, massless bosonic field, while the subsequent O((σRL) −1 ) contribution (which is quartic in φ) encodes string self-interaction.
Discarding the string self-interaction term, the LO approximation of the partition function can be evaluated analytically:
where Z 1 encodes the (regularized) contribution of the Gaussian fluctuations:
and it is expressed in terms of Dedekind's η function:
On the other hand, keeping into account the string self-interaction term, the resulting approximation for Z at the next-to-leading order reads [3] :
where E 2 and E 4 are the Eisenstein functions:
where σ 1 (n) and σ 3 (n) are, respectively, the sum of all divisors of n (including 1 and n), and the sum of their cubes.
The string spectrum
The spectrum of the Nambu-Goto string with length R and fixed ends can be obtained through formal canonical quantization [24] , and in d = 2 + 1 dimensions it reads:
The full partition function of the Nambu-Goto string can thus be written as -see also [6] :
with integer weights w n accounting for level multiplicities. In particular, in d = 2 + 1 the latter are nothing but P (n): the number of partitions of n. In fact, since the w n coefficients do not depend on R, they can be evaluated in the large R limit, where the theory eventually reduces to a c = 1 CFT in two dimensions. The Hilbert space of such a theory is well known and the multiplicity of states with energy E n is given by the number of ways one can combine the Virasoro generators of the 2d conformal algebra to obtain a field of conformal weight n -which is precisely P (n). In principle, eq. (16) can provide a tool to test the validity range of the effective Nambu-Goto string picture, disentangling truncation errors which affect the perturbative expansion of Z, from physical effects related to the eventual breakdown of this effective string description at some scale.
In turn, it can be shown that the energy levels appearing in eq. (16) can be treated in a perturbative expansion in powers of (σR 2 ) −1 , and the corresponding truncated approximations for Z(R, L) correctly reproduce eq. (8) at LO (see also [6] ) and eq. (11) at NLO (calculations are reported in the Appendix).
It is particularly interesting to study the domain of convergence of the series in (16) . For large n, the asymptotic behaviour of P (n) is [28] :
Thus, the series on the r.h.s. of eq. (16) turns out to be convergent for:
On the other hand, a convergence constraint over R can be worked out exploiting the open-closed string duality to rewrite Z(R, L) as a series of Bessel functions [6] :
involvingẼ n =Ẽ n (L), the closed string energies:
Since the asymptotic behaviour of K 0 (x) for large values of x is:
the series on the r.h.s. of (19) converges for:
Let us comment on the constraints (18) and (22):
• They can be obtained from each other via interchanging 2R and L: this "symmetry" is related to the open-closed string duality.
• They can also be derived by requiring that the ground state energies for the open and closed string energies are real; in particular, inequality (18) -which was derived requiring convergence for the series involving open string states -can be obtained imposing that the closed string ground state energy is real, while inequality (22) -which, vice versa, was obtained requiring convergence of the series involving the closed string spectrum -can be obtained imposing that the open string ground state is real.
• These bounds are the analogue of the Hagedorn temperature in string thermodynamics.
• The bound of eq.(18) can be interpreted as a prediction for the deconfinement temperature [31, 32] leading to the estimate T c = 3σ π , which is in rather good agreement with the results of numerical simulations for various lattice gauge theories in d = 2+1.
• The inequality (22) implies a lower bound for the interquark distance at which the Nambu-Goto string could be observed: σR 2 c > π 12 ∼ 0.262... . In physical units 1 R c is slightly below 0.1 fm (as it can be easily seen comparing it with the so called "Sommer scale" R s defined by the relation F (R s )R 2 s = 1.65 [15] which corresponds to a physical length R c ≃ 0.5 fm). However this bound is less relevant from a physical point of view than the previous one since, as we shall see below, the MC results for the interquark potential start to diverge from the predictions of the Nambu-Goto action at distances much larger than R c .
Comparison with Monte Carlo simulations
Before presenting the comparison of theoretical predictions with the numerical results for various gauge models, let us discuss a few aspects about the evaluation of the partition function appearing in eq. (4) by means of eq. (16).
The sum of the series in eq. (16) cannot be evaluated in closed form and its numerical estimate is not completely trivial, since both rounding and truncation effects must be kept under control.
Calculating the partitions of the integers P (n) appearing as coefficients in eq. (16) is a task that can be addressed in an efficient way without resorting to any commercial program by means of the following identity:
where P k (n) denotes the number of partitions of n made exactly of k parts, which enjoys the recursive relation [29] :
To avoid truncation errors one can use from a given threshold n max the approximation of eq.(17) for the weights P (n) and then approximate the sum for n > n max in the partition function with an integral. We checked that for all the choices of σ, R and L that we studied n max = 10000 was enough to keep the systematic errors of our estimates several orders of magnitude smaller than the statistical uncertainties of the MC estimates of the same quantities.
Z 2 gauge model
As a first test, we considered the results for Z 2 gauge model in d = 2 + 1 taken from [10] and [11] -to which we refer the reader for notations and general properties of this lattice gauge theory. In addition to these data we also performed some new simulations whose results are collected in tab. 5. In the present analysis, we focus the attention onto the data samples corresponding to the coupling parameter β = 0.75180 (which is the nearest to the critical point, among the values studied in the mentioned papers), for which the finite temperature deconfinement transition occurs at L c = 8 [33] . For the samples that we considered here, the temperatures range from T = Tc 10 to T = 2 3 T c . For the zero temperature string tension at this value of β, we used the estimate given in [11] : σ = 0.0105241 (15) which was obtained from our data sample at T = Tc 10 , i.e. L = 80 and R ≥ 22, taking into account LO order corrections only. The numbers given in table 1 show that subleading corrections are of a similar size as the statistical errors of our Monte Carlo data for these large values of L and R.
In our analysis, we did not consider effects induced by a possible "boundary term" that could be included in the effective string action [5] , since numerical results in [11] and [12] already showed that the coefficient of such a term is vanishing for this model, and, from the theoretical point of view, the presence of a boundary term in the string action is ruled out, if open-closed string duality holds [6] .
For this value of β we expect very small scaling corrections to our data. In [11] we directly verified this by comparing our results for β = 0.75180 with those taken at β = 0.73107 (corresponding to a string tension which is roughly four times larger than here). An independent check is given by the product σL 2 c . For the value of β we study here, one finds σL 2 c = 0.6740 (10) , which deviates from the asymptotic estimate σL 2 c = 0.654(3) less than 3% [34] .
The results of our analysis are shown in tables 1-5, where Monte Carlo results for the ratio Γ(R) = G(R+1) G(R) (rightmost column) are compared with the corresponding predictions from the LO-truncated, NLO-truncated, or full effective Nambu-Goto string, obtained from eq. (8), from eq. (11), and from eq. (16), respectively.
All these theoretical estimates are affected by an uncertainty (due to the statistical error in σ, and proportional to σL 2 ) whose relative amount is of order 10 −5 (for L = 12) or 10 −4 (for L = 80), and it is never larger than the statistical errors of the Monte Carlo data. For this reason, we chose not to report this overall uncertainty in the tables, in order to avoid confusion.
We remark the fact that the comparison is "absolute", in the sense that there is no free parameter.
The results can be summarized as follows.
• For the two samples at the lowest temperatures (T = Tc 10 and T = Tc 3 ), Monte Carlo data and theoretical estimates obtained from the full partition function are in good agreement for R ≥ 30 and R ≥ 24, respectively. However, it is also important to notice that in this range the NLO-truncated predictions show no substantial difference with respect to the estimates from the complete action. Conversely, for lower values of R, the numerical data are not compatible with predictions from either eq. (8), eq. (11), or from eq. (16): in that regime, the Monte Carlo results for Γ(R) appear to be systematically larger than the values predicted by the effective string picture, and, in particular, the discrepancy gets even larger when R decreases. This mismatch had already been observed in [11] , using the NLO-truncation. Here, we find that keeping into account the subleading corrections from the whole Nambu-Goto action does not remove the disagreement 2 .
• For the two samples at higher temperatures (T = Tc 2 and T = 2 3 T c ), the contribution by subleading terms beyond the NLO becomes quantitatively more relevant and the precision of the numerical data allows to appreciate the difference between the predictions of eq. (11) and eq. (16) for all values of R that are considered.
For T = Tc 2 and R ≥ 16, the Monte Carlo data lie in between the full Nambu-Goto expectation and the NLO truncation. For T = Tc 2 and R ≥ 16, the Monte Carlo data fall (incidentally), within about two standard deviations, on top of the NLO truncation. The numerical matching with the full Nambu-Goto is clearly worse.
• It is very interesting to look at the data at fixed R = 32 collected in tab. 5. We see that for all values of L > 16 the data agree with the Nambu-Goto predictions almost within one standard deviation. Fortunately in this region the precision is high enough to distinguish between LO, NLO and full Nambu-Goto. The picture which emerges, in agreement with the above observation is that the Nambu-Goto string is the correct description for low enough temperatures and that around T = T c /2 there is a smooth crossover towards a behaviour which is instead very near to the NLO result. We shall discuss in more detail this point in the last section. G(R) in the Z 2 gauge model at β = 0.75180 and T = Tc 10 (corresponding to L = 80) with the LO-truncated, NLO-truncated, and full predictions from the Nambu-Goto effective string action (respectively: second, third, and fourth column), as a function of the interquark distance in lattice units R (first column). Note that the data for R ≥ 22 were used in ref. [11] to determine the value of σ which is used here; assuming LO corrections.
SU (2) gauge model
For the SU(2) model in d = 2+1 dimensions we considered data published in [12] (to which we refer the reader for details and notation), focusing onto the two samples corresponding to the largest (L = 60) and the smallest (L = 8) values the inverse temperature at β = 9.0 -the other samples reported in [12] show the same qualitative behaviour which is observed for the data set at L = 60, adding no further information to the present analysis.
For β = 9.0 the string tension of this model is known to a high degree of precision: σ = 0.025900(12) [12] . The lower bound R c is between 3 and 4 lattice spacings and the , thus the two samples that we are considering correspond to T = Tc 10 and T = 3 4 T c respectively. In agreement with notations in [12] , we define the following quantity:
whose dominant contribution is the string tension; the relative error induced by the uncertainty in σ is approximately of order 10 −4 , which turns out to be negligible or comparable with respect to the Monte Carlo result precision for both samples. Comparison between numerical data and theoretical expectations is reported in tables 6, 7, with the same format used for previous tables.
The results for this model show that:
• At low temperatures, the behaviour of Monte Carlo data for SU(2) is very similar to the Z 2 gauge model; in particular, the lattice simulation results disagree with respect to the predictions from the full Nambu-Goto partition function, whose subleading terms with respect to the NLO-truncated approximation induce an increasing gap between numerical data and theoretical expectations as shorter and shorter interquark distances are investigated.
• On the contrary, for the high temperature (T = 3 4 T c ) sample, SU(2) results are in remarkable agreement with the predictions of the full Nambu-Goto partition function: agreement within statistical errors is observed for all interquark distances R > 6. Notice that in this temperature regime the subleading string effects play a relevant role, and the LO, NLO and full Nambu-Goto predictions can be clearly distinguished within the precision of numerical data: in particular, the difference between the fullorder prediction and the NLO approximation is larger than five times the uncertainty of Monte Carlo data, for all values of R.
SU (3) gauge model
For the SU(3) model in d = 2+1 dimensions, we compare the theoretical expectations with the data published in [5] . We focused onto the sample at β = 20, using the data reported in tab. 3 of [5] to build the Q(R) observable discussed above 3 . In this case we have L = 60, corresponding to a temperature T ≃ Tc 10 , while we have no data for the high T regime. An estimate for the string tension σ can be obtained from the data themselves, following a procedure similar to the one used in [12] for the SU(2) model; we found σ = 0.033754(3), corresponding to a lower bound R c between 2 and 3 lattice spacings.
Comparison of theoretical predictions and numerical data is reported in table 8, in the same format used for the previous cases. The pattern which emerges is the same that is observed for SU(2) at low temperatures, the only difference being that the mismatch between the full Nambu-Goto string prediction and Monte Carlo results appears to be slightly smaller than in the SU(2) case. 
Conclusions
The pattern emerging from the comparisons discussed in the previous section can be summarized in the following points.
• The Nambu-Goto action describes Monte Carlo data rather well for large values of L and R; however, in this regime it is almost indistinguishable from its truncation at NLO and (for very large values of R) from the pure free bosonic effective string. Nevertheless, it is interesting to note that results from our simulations of the Ising gauge theory at fixed R (R = 32 in our case) show that the predictions of the full Nambu-Goto action match the numerical data in the range L ≥ 16, and in particular there exists a window (16 ≤ L ≤ 20) where the full-order and the NLO-truncated predictions can be clearly distinguished -while for larger values of L this is not possible anymore, within our statistical precision.
• At low temperatures, a common pattern for the three models is observed as R decreases: clear evidence of a mismatch with respect to the string expectation is found. Such a mismatch is increasingly severe for shorter and shorter interquark distances and is not fixed by keeping into account subleading corrections beyond the NLO approximation of the Nambu-Goto string action. This observation has two relevant consequences. First, at short distances the string spectrum must be different from the Nambu-Goto one, in agreement with the recent observations of [13, 14] . Furthermore, the short distance behaviour seems to disagree with the results obtained in [6] by imposing the open-closed string duality of the effective string. In fact in [6] it was shown that in d = 2 + 1 the NLO contribution to the energy levels is fixed and must coincide with the Nambu-Goto one. This implies (see the derivation in the Appendix) that also the NLO contribution to the interquark potential must be the Nambu-Goto one for any effective string theory fulfilling open-closed string duality. A possible interpretation of these two observations is that at these scales (despite the fact that the leading order Lüscher term still correctly describes the gross features of the interquark potential) there is a breakdown of the effective string picture [13, 14] .
• For lower values of L (i.e. as the deconfinement temperature is approached) the situation seems to change, and the effective string picture appears to provide a better description of Monte Carlo data as T approaches T c . However, there is a relevant difference between the behaviour observed in the Z 2 and in the SU(2) gauge models: for the Ising gauge model, data are in better agreement with the NLO-truncated than with the full partition function predictions, whereas for the SU(2) theory, the whole Nambu-Goto action appears to provide a remarkably good description of the numerical results.
• However, it is important to stress that this agreement could well be only a coincidence. In fact, dimensional reduction and the Svetitsky-Yaffe conjecture [35] suggest a critical index for the deconfinement transition (both for the Ising and for the SU(2) model) equal to the one of the 2d spin Ising model, i.e. ν = 1. This means:
On the contrary, from the Nambu-Goto action we find ν = 1/2 [31, 32] . This suggests that at some stage there should be a truncation of the square root expansion in the Nambu-Goto effective string. The order of the power at which this truncation occurs needs not to be universal and can be inferred by looking at the critical temperature.
In the Nambu-Goto model in d = 2 + 1 dimensions, T c is expected to be [31, 32] :
This prediction does not agree with the high precision results obtained in [34] for the Z 2 gauge model Tc √ σ = 1.237(3). If one evaluates the order at which the Nambu-Goto expansion should be truncated in order to obtain this value for the critical temperature one finds with a good approximation a quartic polynomial, i.e. one expects to describe well the data with the leading and next to leading order only, as we saw in the previous section. This is particularly evident if one looks at the data collected in tab. [5] . Results refer to β = 20.0, L = 60 (corresponding to T ≃ Tc 10 ). The format is the same as for table 6 .
(for a recent review with updated estimates see [36] ) Tc √ σ = 1.12(1), corresponding to much a higher order in the truncation and, accordingly, a better agreement with the prediction of the all-order Nambu-Goto prediction.
The picture which emerges is that the Nambu-Goto action is most probably the correct effective description for large enough values of R and L (see in particular the data collected in tab. 5). However, for different reasons, as R or L are decreased this effective description looses its validity. When R is decreased (most probably due to the anomaly problem discussed in sect. 2) the effective string picture as a whole seems to be no longer valid. When L is decreased the Nambu-Goto string which predicts mean field critical indices must necessarily break down and we observe a crossover towards a new string behaviour (which is different for different gauge groups) with a critical behaviour compatible with that expected from dimensional reduction and the Svetitsky-Yaffe conjecture. In particular, in the two cases that we studied: Z 2 and SU(2), this effective string seems to be a suitable truncation of the whole Nambu-Goto action. Summarizing these observations we could look at the Nambu-Goto action as a sort of "mean field effective string" which turns out to be a remarkably good approximation for distances larger than a few times the bulk correlation length of the model.
In this respect it would be very interesting to extend the high temperature analysis also to the SU(3) gauge model, running low L simulations like to the ones presented in [12] for the SU(2) gauge group. In fact in the SU(3) case we have (see [36] ) Tc √ σ = 0.98(2), i.e. an almost perfect agreement of the critical temperature with the Nambu-Goto expectation. Moreover in the SU(3) case the truncation mechanism suggested above should not work since in this case we expect a non-integer critical index for the deconfinement transition (which according to the Svetitsky-Yaffe conjecture should belong to the 2d Z 3 universality class).
A Partition function truncated at LO and NLO
We show the matching between the full partition function eq. (16) and the LO-and NLOtruncated approximations eq. (8) and eq. (11) respectively.
The square root appearing in the open string spectrum eq. (15) can be expanded perturbatively in powers of (σR 2 ) −1 : E n (R) = σR + π R n − 1 24 − π 2 2σR 3 n − where d|k is precisely the sum over positive divisors of k. Using the identity (A.13) and the definition of the Eisenstein function eq. (12), one gets:
Finally, the terms in (A.11) can be handled using the fact that: which yield:
Plugging the various terms into eq. (A.8), one ends up with:
which is exactly eq. (11), as it was expected.
